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1 INTRODUCTION 



The study of fuzzy games has begun with the paper written by Kim and 

">! ' Lee in 1998 [16]. This type of games is a generalization of classical abstract 

economies. For an overview of results concerning this topic, the reader is 

referred to [24] . Though, the existence of random fuzzy equilibrium has not 

been studied by now. We introduce the new model of Bayesian abstract 

fuzzy economy and explore the existence of the Bayesian fuzzy equilibrium. 

j^ I Our model is characterized by a private information set, an action (strategy) 

Jh ' fuzzy mapping, a random fuzzy constraint one and a random fuzzy prefer- 

- - -' ence mapping. The Bayesian fuzzy equilibrium concept is an extension of 
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2 Monica Patriche 

the deterministic equilibrium. We generalize the former deterministic mod- 
els introduced by Debreu [8], Shafer and Sonnenschein [25], Yannelis and 
Prabhakar [29] or Patriche [24] and search for applications. 

Since Fichera and Stampacchia introduced the variational inequalities 
(in 1960s), this domain has been extensively studied. For recent results we 
refer the reader to [l]-[4], [6], [7], [12], [17], [20]-[22], [26], [28] and the bibli- 
ography therein. Noor and Elsanousi [19] introduced the notion of a random 
variational inequality. Existence of solutions of the random variational in- 
equality and random quasi- variational inequality problems has been proved, 
for instance, in [12], [13], [18], [27], [33]. 

In this paper, we first define the model of the Bayesian abstract fuzzy 
economy and we prove a theorem of Bayesian fuzzy equilibrium existence. 
Then we apply it in order to prove the existence of solutions for two types 
of random quasi- variational inequalities with random fuzzy mappings. We 
generalize some results obtained by Yuan in [27]. As a consequence, we 
obtain random fixed point theorems. 

The paper is oragnized as follows. In the next section, some notational 
and terminological conventions are given. We also present, for the reader's 
convenience, some results on Bochner integration. In Section 3, the model of 
differential information abstract fuzzy economy is introduced and the main 
result is stated. Section 4 contains existence results for solutions of random 
quasi- variational inequalities with random fuzzy mappings. 



2 NOTATION AND DEFINITION 

Throughout this paper, we shall use the following notation: 

1. M++ denots the set of strictly positive reals. coD denotes the convex 
hull of the set D. coD denotes the closed convex hull of the set D. 2^ 
denotes the set of all non-empty subsets of the set D. li D CY, where Y is 
a topological space, c\D denotes the closure of D. 

For the reader's convenience, we review a few basic definitions and re- 
sults from continuity and measurability of correspondences and Bochner 
integrable functions. 

Let Z and Y be sets. 

Definition 1 The graph of the eorrespondenee P : Z — > 2^ is the set Gp = 
{{z,y)eZxY:yeP{z)}. 

Let Z, Y be topological spaces and P : Z —>■ 2^ he a correspondence. 

1. P is said to be upper semicontinuous if for each z € Z and each open 
set VinY with P{z) C V , there exists an open neighborhood U oi z in Z 
such that P{y) C V for each y & U. 

2. P is said to be lower semicontinuous if for each z E Z and each open 
set VinY with P(z) n V^ 7^ 0, there exists an open neighborhood U oi z in 
Z such that P{y) n V ^ for each y eU. 
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Lemma 1 (see [32]). Let Z and Y be two topological spaces and let D be 
an open subset of Z. Suppose Pi : Z ^ 2^ , P2 : Z ^S' 2^ are upper 
semicontinuous correspondences such that P2{z) C Pi{z) for all z G D. 
Then the correspondence P : Z ^ 2^ defined by 



P{z) 



Pi{z), liziD, 

P2{z), lizeD 



is also upper semicontinuous. 



Definition 2 Let Y be a metric space and Y' be its dual. P : Y ^ 2^ is 
said to be monotone if Re{u — v,y — x) > for all u G P{y) and v G P{x) 
and x,y gY. 

Let now (/?, F, fx) be a complete, finite measure space, and 1" be a 
topological space. 

1. The correspondence P : i? — !> 2^ is said to have a measurable graph 
if Gp S i^ eg) P{Y), where /3(F) denotes the Borel cr-algebra on Y and ^ 
denotes the product cr-algebra. 

2. The correspondence T : i7 ^ 2^ is said to be lower measurable if for 
every open subset V of Y, the set {oj <E fi : T{lS) n ^ ^ 0} is an element of 
F. 

Recall (see Debreu [9], p. 359) that if T : i? ^ 2^ has a measurable 
graph, then T is lower measurable. Furthermore, if T(-) is closed valued 
and lower measurable then T : Q ^^ 2^ has a measurable graph. 

Lemma 2 (see [15]). Let Pn ■ fi ^- 2^ , n ~ 1,2. ..be a sequence of corre- 
spondences with measurable graphs. Then the correspondences UnPn, ^nPn 
and Y \Pn have measurable graphs. 

Let (i7,F, /i) be a measure space and F be a Banach space. 

It is known (see [15], Theorem 2, p. 45) that, if x : i7 — > F is a /x- 

measurable function, then x is Bochner integrable if only if J|[a;(a;)|[(i/i(a;) < 

n 

00. 

It is denoted by Li(/i, F) the space of equivalence classes of F- valued 

Bochner integrable functions x : f2 ^ Y normed by || x ||= ^ \\x{uj)\\d^{uj) . 

n 
Also it is known (see [9], p. 50) that Li(p,Y) is a Banach space. 

Definition 3 The correspondence P : i7 — > 2^ is said to be integrably 
bounded if there exists a map h G Li(fi, R) such that sup{\\ a; || : a; G 
-P(w)} < h{uj) ^ — a.e. 

We denote by Sp the set of all selections of the correspondence P : H ^ 
2^ that belong to the space -Li(/i, Y), i.e. 
Sp^{xe Li{fi,Y) : x{uj) G P{uj) /x-a.e.}. 
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Further, we will see the conditions under which Sp is nonempty and 
weakly compact in Li{ii,Y). Aumann measurable selection theorem (see 
Appendix) and Diestel's Theorem (see Appendix) are necessary. 

Let F{Y) be a collection of all fuzzy sets over Y. 

Definition 4 A mapping P : f2 ^ P{Y) is called a fuzzy mapping. If P 
is a fuzzy mapping from f2, P{'^) is a fuzzy set on Y and P{Lj){y) is the 
membership function of y in P{i-u). 

Let A e F{Y), a e [0,1], then the set {A)a = {y e Y : A{y) > a} is 
called an a— cut set of fuzzy set A. 

Definition 5 A fuzzy mapping P : i? — > F{Y) is said to be measurable if for 
any given a G [0, 1], {P{-))a : i7 — > 2^ is a measurable set-valued mapping. 

Definition 6 We say that a fuzzy mapping P : Q ^ FO^) is said to have a 
measurable graph if for any given a G [0, 1], the set-valued mapping {P{-))a ■ 
[2^2^ has a measurable graph. 

Definition 7 A fuzzy mapping P : f2 x X ^ P{Y) is called a random fuzzy 
mapping if for any given x E X, P{-,x) : Q — > F{Y) is a measurable fuzzy 
mapping. 



3 BAYESIAN FUZZY EQUILIBRIUM EXISTENCE FOR 
BAYESIAN ABSTRACT FUZZY ECONOMIES 

3.1 THE MODEL OF A BAYESIAN ABSTRACT FUZZY ECONOMY 

We now define the next model of the Bayesian abstract fuzzy economy which 
generalizes the model in [23]. 

Let {fi, F, n) be a complete finite measure space, where f2 denotes the 
set of states of nature of the world and the cr— algebra F, denotes the set 
of events. Let Y denote the strategy or commodity space, where y is a 
separable Banach space. 

Let / be a countable or uncountable set (the set of agents). Let Xi : 
fl — > F{Y) a fuzzy mapping and z G (0, 1]. 

Let Lxi — {xi G S(^Xi{-))^ '■ Xi is Fi -measurable }. Denote by Lx ~ 
Yl Lxi and by Lx^i the set Y\ Lx ■ An element Xi of Lx^ is called a 

strategy for agent i. The typical element of Ljsf . is denoted by Xi and that 
of Xi{uj) by ^^(a;) (or Xi). 

Definition 8 A general Bayesian abstract fuzzy economy is a family G = 
{(!7,F,/z), (Aj,i^i, Aj,Pj,ai,5i,Zi)jg/,}, where 
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(1) Xi : fl ^ •f'iX) is the action (strategy) fuzzy mapping of agent i, 

(2) Fi is a sub a— algebra of F which denotes the private information of 
agent i, 

(3) for each w G i7, Ai{uj,-) : Lx — > J^iY) is the random fuzzy constraint 
mapping of agent i; 

(4) for each a; e J7, Pi{uj,-) : Lx — ^ J'{Y) is the random fuzzy preference 
mapping of agent i; 

(5) z G (0,1] is such that for all {uj,x) e i7 x Lx, {Ai{uj,x))a-(x) C 
{Xi{uj))z and (Pi(w, x))p.(j) C Xi{uj))^; 

(6) a : Sl^ — ^ (0, 1] is a random fuzzy constraint function and p : S^^ — > 
(0, 1] is a random fuzzy preference function. 

Definition 9 A Bayesian fuzzy equilibrium for G is a strategy profile x* G 
Lx such that for all i E I , 

(J) x*{^) ecl(Ai(a;,F))a,(£.) M-a-e- 

(jj) (-4j(w,a;*))a^(2.) n (Pj(a;,a;*))p^(£.) = ^i-a.e. 

Remark 1 Now we assume that for each z G /, Xj is a compact convex 
nonempty subset of Y and for each w G 12, we set {Xi{ijj))z — Xi. Then we 
obtain the deterministic classical model of Yannelis-Prabhakar in [29] for 
an abstract economy with any set of players. 

Remark 2 The interpretation of the preference fuzzy mapping Pi is that yi G 
{Pi{u}, x))p./^\ means that at the state uj of the nature, agent i strictly prefers 
yi to Xiito) if the given strategy of other agents is fixed. The preference do not 
need to be reprezentable by utility functions. However, it will be assumed 
that Xi{uj) ^ (Pi(w,a;))j,^(j-) ^ - a.e. 



3.2 EXISTENCE OF THE BAYESIAN FUZZY EQUILIBRIUM 

This is our first theorem. The constraint and preference correspondences 
derived from the constraint and preference fuzzy mappings verify the as- 
sumptions of measurable graph and weakly open lower sections. Our results 
is a generalization of Theorem 3 in [23] . 

Theorem 1 Let I he a countable or uncounathle set. Let the family G ~ 
{(J7, F, /i), {Xi, Fi, Ai, Pi, Qi, bi, Zi)i^i, } be a general Bayesian abstract econ- 
omy satisfying A.l)-A.4-). Then there exists a Bayesian fuzzy equilibrium for 
G. 

For each z G / : 
A.l) 



(a) Xi : Q ^ ^{Y) is such that u — ^ X^(ij:)y_ : Q ^- 2 



Y 



IS 



a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence. 
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(b) Xi : Q ^r ^{Y) is such that w — > {Xi{Lo))z : i? ^ 2^ is Fi-lower 
measurable; 

A.2) 

(a) For each {uj^x) G i7 x Lx, {Ai{L0^x))a-[x) is convex and has a 
non-empty interior in the relative norm topology of {Xi{uj))z. 

(b) the correspondence (a;,x) — > {Ai{u),x))a^(x) '■ ^ x Lx — > 2^ 
has measurable graph i.e. {{uj,x,y) G i7 x Lx xY : y ^ {Ai{Lu,x))ai{s)} G 
F®fiw{Lx)®P{X) where fiw{Lx) is the Borel a^algebra for the weak topol- 
ogy on Lx and p(Y) is the Borel a— algebra for the norm topology on Y. 

(c) the correspondence {ijJ,x) — > (Ai{uj ,x)) ai{x) has weakly open lower 
sections, i.e., for each lu ^ f2 and for each y qY, the set ((Ai{uj,x)ai(s))~^{^Ty) 
{x e Lx : y e {Ai{ijj,x))ai{x)}} is weakly open in Lx; 

(d) For each ut G il, x -^cl{Ai{uj,x))g^.tx\ : Lx — > 2^ is upper 
semicontinuous in the sense that the set {x G Lx'.c\{Ai(uj,x))ai(x) 'Z V is 
weakly open in Lx for every norm, open subset V of Y . 
A.3) 

(a) the correspondence (w,x) — > (Pi(w, ■r))p.(j-\ : fi x Lx — > 2^ has 
nonempty open convex values such that {Pi{uj,x))p.(x) C {X{lj))z for each 
{u:,x) e f2 X Lx. 

(b) the correspondence (cj,x) — !> {Pi{ijj,x))p^ix\ : Q x Lx -^ 2^ has 
measurable graph 

(c) the correspondence (i^,x) -^ {Pi{Lu,x))p.(^x) '■ ^ x Lx — > 2-^ has 
weakly open lower sections, i.e., for each to & Q and for each y gY, the set 
((Pi(a;,x))p^(£))~^(cj,j/) ^ {x e Lx : y e {Pi{uj,x))p.(^x-j)} is weakly open in 

Lx; 

A.4) 

(a) For each Xi G Lxi, for each lj ^ fi, Xi{Lu) ^ {Ai{uj,x))g^.^x) l~l 

{P^{uJ,x))p^(^x)■ 

Proof. For each I G /, define <?i : HxLx — t- 2^ by <?i(w,x) — Ai(ci;, x))a;(j)n 
Pi{uj,x))p.(^x)- We prove first tfiat Lx is a non-empty, convex, weakly com- 
pact subset in Li{p,,Y). 

Since {f2, F, ^) is a complete finite measure space, F is a separable 
Banach space and Xi : fl ^ 2^ has measurable graph, by Aumann's selec- 
tion theorem (see Appendex) it follows that there exists a i^^ -measurable 
function fi : fi ^ Y such that fi{uj) G Xi{(jj) fx — a.e. Since Xi is in- 
tegrably bounded, we have that fi G Li{^,Y), hence Lxi is non-empty 

and Lx = Yi ^Xi is non-empty. Obviously Lxi is convex and Lx is also 

iei 
convex. Since X^ : i7 — ;> 2^ is integrably bounded and has convex weakly 
compact values, by Diestel's Theorem (see Appendex) it follows that Lx^ 
is a weakly compact subset of Li{fi, Y). More over, Lx is weakly compact. 
Li{p.,Y) equipped with the weak topology is a locally convex topological 
vector space. 

The correspondence <l>i is convex valued, by Lemma 2 it has a measurable 
graph and for each cj G i7, (l>i{LLi,-) has weakly open lower sections. Let 
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Ui = {(cj, x) e Hx Lx ■ '^i{^, x) ^ 0}. For each x G Lx, let C/f = {cj e J? : 
'?i(w,x) ^ 0} and for each w S /2, let Uf ^ {x (^ Lx ■■ ^j(w,x) 7^ 0}. The 
values of 'l^i/Ui have non-empty interiors in the relative norm topology of 
Xi{Lo). By the Caratheodory-type selection theorem (see Appendix), there 
exists a function fi -.Ui -^Y such that /i(w, x) G ^i(cj, x) for all (w, x) G Ui 
, for each x G ix, fi{',x) is measurable on [/f , for each to G f2, fi{io,-) is 
continuous on [/" and moreover fi{-,-) is jointly measurable. 

:>i'K,.r-.^, :^\ - / {/*('^>^)} if (w,x) G J/i 



Define G^ : QxLx ^ 2 by G^fcj, x) — -, ,/ , / ~nn .^ / ~n , ^^ 

Define G[ : Lx ^ 2^^., by G;(x) = {y, G Lx^ : y^{uJ) G G^{lj,x) 
yu - a.e.} and G' : Lx ^ 2^^ by G'(x) := HG'^ix) for each x G Lx- We 

shall prove that G is an upper semicontinuous correspondence with respect 
to the weakly topology of Lx and has non-empty convex closed values. By 
applying Fan-Glicksberg's fixed-point theorem [11] to G , we obtain a fixed 
point which is the equilibrium point for the abstract economy. 

It follows by Theorem III. 40 in [5] and the projection theorem that 
for each x G Lx, the correspondence x -^c\Ai{-,x))a-(x) : J7 — >■ 2^ has 
a measurable graph. For each x G Lx, the correspondence Gi{-,x) has a 
measurable graph. Since <?i(a;,-) has weakly open lower sections for each 
a; G ^, it follows that U^ is weakly open in Lx- By Lemma 1, for each 
ijj E Q, Gi{uj,-) : Lx — > 2^ is upper semi-continuous in the sense that the 
set {x G Lx '■ Gi{ijj,x)} C V is weakly open in Lx for every norm open 
subset V of Y . Moreover, Gi is convex and non-empty valued. 

Gi is nonempty valued and for each x G Lx, Gi{-,x) has measurable 
graph. Hence, by the Aumann measurable selection theorem for each fixed 
X G Lx, there exists an _Fi— measurable function tji : fi ^>- Y such that 
yi{i^) G Gi(u;, 5?) /i— a.e. Since for each (cj, x) G i7xLj!f, Gi((x>, x) is contained 
in the integrably bounded correspondence Xi{-), then j/i G Lxi and we 
conclude that yi G G^ix) for each x G Lx- Thus, Gj is non-empty valued. 

Since for each x G Lx , Gi{-,x) has measurable graph and for each uj (z fi, 
Gi{uj,-) : Lx — > 2^ is upper semicontinuous and Gi{uj,x) C Xi{uj) for each 
(w,x) G i7 X Lx, by u. s. c. Lifting Theorem (see Appendix) it follows that 
Gj is weakly upper semicontinuous. Gj is convex valued since Gi is so. 

G is an weakly upper semicontinuous correspondence and has also non- 
empty convex closed values. 

The set Lx is weakly compact and convex, and then, by Fan-Glicksberg's 
fixed-point theorem in [11], there exists x* G Lx such that x* G G (x*), 
i.e., for each i e I,x* € G^(x*). 

Then, X* G Lxi andx*(a;) G Gi(a;, x*) /i— a.e. Since x*(ll;) ^ {Ai{uj,x*))a-(s*)(^ 
(Pi(u;, x*))p.(£*) fi — a.e, it follows that (w,x*) ^ Ui for each i ^ I and 
X* €c\{Ai{uj,x*))a^(x') fJ'—a-e- We have also that (j4i(ci;,x*))o.(s-)n(Pi(w,x*))p.(j.) 
0.0 ' 

Theorem 2 Let I be a countable or uncounatble set- Let the family G — 
{(i7, F, fi), {Xi, Fi,Ai, Pi, Ui, hi, Zi)i^i, } be a general Bayesian abstract econ- 
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omy satisfying A.l)-A.4)- Then there exists a Bayesian fuzzy equilibrium for 
G. 

For each i (z I : 
A.l) 

(a) Xi : fi ^ ^{Y) is such that lo — > {Xi{uj))z^ : Q ^ 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence; 

(b) Xi : n ^ ^{Y) is such that oj -> {Xi{uj))z^ : [2 ^ 2^ is 
Fi — lower measurable; 

A.2) 

(a) For each {u],x) G i7 x Lx, {Ai{ijJ,x))ai(x) is nonempty convex 
and compact. 

(b) For each x G Lx, the correspondence uj -^ {Ai{uj, x))a-(s) '■ ^ ^^ 
2^ has measurable graph; 

(c) For each lo ^ Q, x ^^ {Ai{uj,xy)a^{x) ■ Lx ~> 2^ is upper 
semicontinuous in the sense that the set {x £ Lx'-{Ai(LU,x))ai(x)} C V is 
weakly open in Lx for every norm open subset V of Y; 
A.3) 

(a) For each {uj,x) G ilxLx, the correspondence lo — > (Pi(cj, x))p.(2) : 
ilxLx — > 2^ has nonempty convex compact values such that (Pi(a;, x))p.(j) C 
{X{lo))z. for each (w,x) G i7 x Lx', 

(b) For each x G ix, the correspondence lo -^ {Pi{LO,x))p.i^\ : 
fi X Lx — > 2^ has a measurable graph; 

(c) For each lu G il, x ^- {Pi{LO,x))p.(^\ : Lx — > 2^ is upper semicon- 
tinuous; 

A.4) 

(a) For each x G Lx, for each lo lE fi, Xi{Lo) ^ {Ai{Lo,x))a^(s) H 

(b) For each lo E fi, the set [/" ~ {x E Lx '■ {Ai{LO,x))a-(x) ri 
{Pi{LO,x))p.(^x) 7^ 0} is weakly open in Lx- 

Proof. For each i G /, define <Pi : fixLx — > 2^ by <?i(w,x) = (j4i(cj,x)) 0.(^)0 

We prove first that Lx is a non-empty, convex, weakly compact subset 
in Li{n,Y). 

Since {fi, F, ii) is a complete finite measure space, 1" is a separable Ba- 
nach space and {Xi{-))z. : fi ^ 2^ has measurable graph, by Aumann's se- 
lection theorem (see Appendex) it follows that there exists a F^-measurable 
function fi : fi ^ Y such that fi{Lo) G Xi{Lo) ji — a.e. Since {Xi{-))z. is 
integrably bounded, we have that fi G Li{^,Y), hence Lxi is non-empty 

and Lx = Y[ ^Xi is non-empty. Obviously Lxi is convex and Lx is also 

iei 
convex. Since Xi : fi ^ 2^ is integrably bounded and has convex weakly 
compact values, by Diestel's Theorem (see Appendex) it follows that Lx^ 
is a weakly compact subset of Li(/i, Y). More over, Lx is weakly compact. 
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Li(/i, y) equipped with the weak topology is a locally convex topological 
vector space. 



[ (Aj(u;,a;))a.(s-) if (u;,x) ^ [/,, 
For each x G Lx, the correspondence w -^ {Ai{uj,x))ai(s) : J? — )■ 2^ has 
a measurable graph. Hence for each x G Lx, the correspondence Gi{-,x) 
has a measurable graph. By the assumption A4) (b), we have that U^ is 
weakly open in Lx- By Lemma 1, for each ut € f2, Gi{uj,-) : Lx -^ 2^ is 
upper semi-continuous. Moreover, Gi is non-empty convex compact valued. 
Define G[ : Lx ^ 2^^., by G^ix) = {y^ e^Lx, : y^ioJ) G G,ioj,x) 
li - a.e.} and G' : Lx ^ 2^^ by G' {x) := Y{G\(x) for each x G Lx- 

Since for each x G Ljf, Gi(-, x) has a measurable graph and for each u> G 
i7, Gi{uj,-) : Lx —>■ 2^ is upper semicontinuous and Gi{Lij,x) C {Xi{uj))zi 
for each (cj,x) G i7 x ix, by u. s. c. Lifting Theorem (see Appendix) it 
follows that Gj is weakly upper semicontinuous. Gj is convex valued since 
Gi is so. 

G is an weakly upper semicontinuous correspondence and has also non- 
empty convex closed values. 

The set Lx is weakly compact and convex, and then, by Fan-Glicksberg's 
fixed-point theorem (1952), there exists x* G Lx such that x* G G (x*), 
i.e., for each i G I,x* € Gj(x*). 

Then, x* G Lx^ anda;*(w) G Gi{uj,x*) ^, — a.e. Since ■E*(a;) ^ Ai(cj,x*)n 
Pi(tj, X*) ^ — a.e, it follows that (w, x*) ^ Ui for each i G / and x* Ec\Ai{x*) 
H — a.e. We have also that Ai{Lo,x*) n Pi{uj,x*) = 0.0 



4 RANDOM QUASI- VARIATIONAL INEQUALITIES 

In this section, we are establishing new random quasi variational inequalities 
with random fuzzy mappings and random fixed point theorems. The proofs 
rely on the theorem of Bayesian fuzzy equilibrium existence for the Bayesian 
abstract fuzzy economy. 
This is our first theorem. 

Theorem 3 Let I be a countable or uncounatble set. Let [fi, F, fi) be a 
complete finite separable measure space and let Y be a separable Banach 
space. Suppose that the following conditions are satisfied: 

For each i (z I : 
A.l) 

(a) Xi : Q ^^ ^{Y) is such that lo -^ Xi{lu)2 : Q ^ 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence. 

(b) Xi ■- Q ^ ■f'iy) is such that u! — > {Xi(uj))z : f2 ^ 2^ is Fi — lower 
measurable; 
A.2) 
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(a) For each {lli,x) G i7 x Lx, {Ai{uj,x))a-(x) is convex and has a 
non-empty interior in the relative norm topology of {Xi{u)))z. 

(h) the correspondence {(jJ^x) — > {Ai{Lij ^x)) ^.k\ : Q x Lx -^ 2^ 
has measurable graph i.e. {{uj^x^y) E fi x Lx xY : y € {Ai{uj,x))a^(s)} G 
F®fiw{Lx)®fi{X) where Pw{Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and fi(Y) is the Borel a— algebra for the norm topology on Y. 

(c) the correspondence (w,a;) — >■ {Aiiuj ^x)) a^ix) has weakly open lower 
sections, i.e., for each uj G i7 and for each y G Y, the set {{Ai{ijj,x)g^.(^x))^^{'-^iy) = 
{x G Lx ■ y G {Ai{u>,x))i^.(^x)}} is weakly open in Lx', 

(d) For each ut d il, x -^ cl( Ai {to, x)) a ^(s) '■ Lx -^ 2^ is upper 
semicontinuous in the sense that the set {x G Lx.cl{Ai{uj,x))a-(x) C V} is 
weakly open in Lx for every norm open subset V of Y . 
A.3) 

ipj^ : Q X Lx X y — > _R U { — cxd, +oo} is such that: 
{a) X — > ip^{LU,x,y) is lower semicontinuous on Lx for each fixed 
iu},y) eQjxY; 

(b) x{lu) ^cl{y G Y : ip^{LO,x,y) > 0} for each fixed {lu,x) ^ Q x Lx] 

(c) for each (lo^x) ^ Q x Lx, ^i{^,x, •) is concave; 

(d) for each lo E f2, {x £ Lx '. ai{uj,x) > 0} is weakly open in Lx, 
where ai : QxLx -^ Ris defined by ai{LO, x) — sup^^g/^ v^^^j-)-)^ '4'i{<-^, x, y) 
for each (a;,x) G ^ x Lx', 

(e) {{uj,x) '. a^{uj^x) > 0} G j; ® B{Lx). 

Then, there exists x* G Lx such that for every i E I, 

i) Xi*{u)) Gcl(Aj(tj,x*))a.(j.)j^ 

a) supye{Ai{ij,S')),.^^,-,-4't{(^,x*,y) < 0. 

Proof For every i G /, let P^ : i? x S*^ -> T{Y) and pi : Sx -^ (0, 1] such 
that (Pi(u;,a;))p.(j) — {y gY : ^p^{Lj,x,y) > 0} for each (w,x) G i7 x Lx. 

We shall show that the abstract economy G — {(/?, F, fi), {Xi,Fi,Ai, Piai,pi, Zz)iei, } 
satisfies all hypotheses of Theorem 1. 

Suppose a; G i7. 

According to A3 a), we have that x — )■ {Pi{uj,x))p.i^x) '. f2 ^ 2^ has 
open lower sections with nonempty compact values and according to A3 
b), Xi{uj) ^ (Pi{ijj,x))p.i^x) for each x G Lx- Assumption A3 c) implies that 
X -^ {Pi{u:,x))p^(x) : n -^ 2^ has convex values. 

By the definition of tti, we note that {x G Lx : {Ai{io,x))ai{x)r^{Pi{'-^,x))p-(^x) ¥" 
0} == {x G Lx '. ai{LLi,x) > 0} so that {x G Lx ■ {Ai{uj,x))a-{s) H 
{Pi{uj,x))p.(^x) 7^ 0} is weakly open in Lx by A3 c). 

According to A2 b) and A3 e), it follows that the correspondences 
{uj,x) -^ {Ai{uj,x))a,(x) : f2 X Lx ^ 2^ and {uj,x) -^ {Pi{uj,x))p^(^x) '■ 
fi X Lx — > 2^ have measurable graphs. 

Thus the Bayesian abstract fuzzy economy G — {(i^, F, p), {Xi, Fi, Ai, Pi, Ui, bi, Zi)i^j, } 
satisfies all hypotheses of Theorem 1. Therefore, there exists x* G Lx such 
that for every i £ I : 

Xi{uj) €c\{Ai{uj,x*))a^(^s*) iJ.~a.e and 

{Ai{uj,x*))ai(x') n (Pi(w,x*))p.(j.) = (j) fi-a.e; 
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that is, there exists x* G Lx such that for every i ^ I : 

i) Xi*{u)) ^c\{Ai{u),X*))ai(x-)]^ 

ii) supj,g(A,(c^,£*))„.(j.)V'j(w,x*,j/) < 0. 

If |I|=1, we obtain the foUowing coroUary. 

Corollary 1 Let {Q, F, fj.) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

A.l) 

(a) X : fl ^ F{Y) is such that uj -^ {X{lu))z : Q ^ 2^ is 
a nonempty, convex, weakly compact- valued and integrably bounded corre- 
spondence. 

(b) X : Q^ T{Y) is such that uj -^ {X{uj)), : H ^ 2^ is F-lower 
measurable; 

A.2) 

(a) For each (w,x) £ i? x ix, {A{LJ,x))a(x) is convex and has a 
non-empty interior in the relative norm topology of {X{lu))z. 

(b) the correspondence {oj,x) — > {A{uj,x))a-(x) '■ ^ x Lx -^ 2^ 
has measurable graph i.e. {{ui,x,y) e i? x Lx x Y : y ^ {A{uj,x))a{s)} £ 
F®fiw{Lx)®P(X) where Pw{Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and fl{Y) is the Borel a —algebra for the norm topology on Y. 

(c) the correspondence (w,x) — > (A{ijj ,x)) a{x) has weakly open lower 
sections, i.e., for each uj G fi and for each y €Y, the set {{A{uj, a;)o(j))~^(a;, y) 
{x e Lx ■ y G (A{io ,x)) a(x)}} is weakly open in Lx] 

(d) For each lo di Q, x -^c\{A{ij:,x))aK\ : Lx -^ 2^ is upper 
semicontinuous in the sense that the set {x G Lx'-c\{A{uj,x))a{x) C V} is 
weakly open in Lx for every norm open subset V of Y . 
A.3) 

ipj^ : Q x Lx X y — > i? U { — cxD, +00} is such that: 
{a) X — > ip{uj,x,y) is lower semicontinuous on Lx .for each fixed 
{u},y) eQjkY; 

(b) x{uj) ^cl{y G Y : ip{Lo,x,y) > 0} for each fixed {lu,x) G i7 x Lx] 

(c) for each {uj,x) G i7 x Lx, ip(uj,x, ■) is concave; 

(d) for each w G i7, {x G Lx '■ a{uj,x) > 0} is weakly open in Lx, 
where a : [2 x Lx -^ R is defined by a{uj,x) = supy^rj^ri^^^\\ ip{uj,x,y) 
for each {uj,x) G i7 x Lx', 

(e) {{uj,x) : a{uj,x) > 0} G F®B{Lx)- 
Then, there exists x* G Lx such that: 

i) X*{U)) ec\{A{uj,x*))a{x-y^ 

ii) supy(z(A(u,^s'))^^i,-f^{^,x* ,y) < 0. 

As a consequence of Theorem 2, we prove the following random gener- 
alized quasi- variational inequality with random fuzzy mappings. This the- 
orem is comparable with Theorem 4.1 in [27], which is valid in a non- fuzzy 
framework and concerns upper-semicontinuos correspondences defined on 
metrizable spaces. 
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Theorem 4 Let [fi, F, ii) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

For each i (z I : 
A.l) 

(a) Xi : Q ^i- F{Y) is such that u — > (Xj(a;))^ : J? — ^ 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence. 

(b) Xi : Q ^ ■f'iy) ** such that lu — > {Xi{uj))z : il ^ 2^ is Fi — lower 
measurable; 

A.2) 

(a) For each {lo,x) E f2 x Lx, (Ai(u;, x))„./5\ is convex and has a 
non-empty interior in the relative norm topology of (Xi(a;))^. 

(b) the correspondence {lo,x) -^ {Ai(uj,x))g^.(^\ : fi x Lx -^ 2^ 
has measurable graph i.e. {{Lj,x,y) E fi x Lx x Y : y €z {Ai{u},x))a-(s)} G 
F®fiw{Lx)®fi{X) where fl,u]{Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and p(Y) is the Borel a— algebra for the norm topology on Y. 

(c) the correspondence {(jJ,x) — >■ {Aiiui ,x)) a^(x) has weakly open lower 
sections, i.e., for each lu E fi and for each y eY, the set {{Aiiuj, x)a^(x))^^{'-^^ u) 
{x e Lx ■ y e {Ai{uj,x))a-(x)}} is weakly open in Lx] 

(d) For each uj E fi, x ~i'Cl( Ai{Lij,x))a^(x) '■ Lx — > 2 is upper 
semicontinuous in the sense that the set {x G Lx.c\{Ai{LO,x))g^.(^x) '^ ^} is 
weakly open in Lx for every norm open subset V of Y ; 

A. 3) 

Gi : fi xY ^ F{Y') and gi -.Y ^ (0, 1] are such that: 

(a) for each lu G fi, y ^- {Gi{LU,y))g.(y\ :Y^2^ is monotone with 
non-empty values; 

(b) for each lu G fi, y ^ {Gi{LU,y))g.fy\ : L C\Y ^ 2^ is lower 
semicontinuous from the relative topology of Y into the weak* — topology 
a(Y',Y) of Y' for each one- dimensional flat L cY; 

A.4) 

(a) fi : fixLxxY -^ _RU{oo, — oo} is such that x — t- fi{LU,x,y) is lower 
semicontinuous on Lx for each fixed {iu,y) G fi x Y, fi{u),x,x{t,Lu)) = 
for each {uj,x) G fi x Lx and y — > /i(cj, x, y) is concave on Y for each fixed 

{lu,x) e fi X Lx; 

(b) for each fixed uj G fi, the set 

0} is weakly open in Lx 

(c) {(w,^) : snp^^^Q^^^y))^^^^ Re{u,x - y) + f,{cu,x,y) > 0} G J" 

BiLx). 

Then, there exists x* G Lx such that for every i E L: 

i) Xi*{u)) Gc\{Ai{u),X*))ai{x')] 

ii) supu&(Gi(uJ,S'(uJ)))^^^^,^^■^■^Re{u,x*{uJ) - y) + fi{uj,x,y)] < for all 
y G (Aj(cj,x*))o,(£.))). 
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Proof. Let us define ^^ : H x Lx xY^-RU {— oo, +00} by 

V'j(w, X, y) = sup„g(g^(^ j^))^^^^ Re{u, x-y)+fi(t, uj, x, y) for each (w, x, y) G 
Qx Lxy-Y. 

According to assumption A4 a), a; — > fi{t,uj,x,y) is lower semicontinu- 
ous on Lx for each fixed {(jj,y) E fl xY and fi{uj,x,x{t,u))) = for each 
(w, a?) G f2 X Lx implies that x{ij) ^ {y eY : tp^{uj, x, y) > 0} for each fixed 
(a;,x) e i? X Lx- 

We also have that for each {uj,x) € f2 x Lx, ipi{oj,x, •) is concave. This 
fact is a consequence of assumption A3 b) . 

All hypotheses of Theorem 2 are satisfied. According to Theorem 2, there 
exists X* G Lx such that Xi (w) €cl(Aj(a;,a;*))„./5*-) for every i € I 

and 

(1) supj^g^^(„,£.))^^^^.j sup„g(G^(^ ,^))^^^^j [Re{u, x*{uj)-y)+Mu}, x*,y)] < 
for every i E L 

Finally, we will prove that 

supyeA.(.^.£*))„^(s.)Sup„gG^(„^5;.(„))_^^^^,^^jJi?e(u,P(w)-y)+/i(a;,J*,y)] < 
for every i E L 

In order to do that, let us consider i G I and the fixed point lo E fl. 

Let y e {Ai{uj,x*))a,(x-), A e [0, 1] and z\{w) := Ay + (1 - A)£i*(a;). 
According to assumption A2 b), z\{ijj) G Ai{ijj,x*). 

According to (1), we have sup„g(G^(„^^^(^)))^^^^ ^^^^ [Re{u, x*{uj)-zx{uj)) + 

Ji{uj,x* ,zx{uj))] < for each A £ [0,1]. 

According to assumption A4 a), /i(w, x* , x*{t, uj)) — 0. For each yi, j/2 G 

F and for each A G [0, 1], we also have that fi{uj,x* ,Xyi + (1 — \)y2) > 

Xfi{uj,x*,yi) + (1 - A)/i(w,x^y2)■ 
Therefore, for each A G [0, 1], we have that 
t{suPue{G,{uj,zi{uj)))^^^^, ^^jRe{u,x*{uj) - y) + f,{uj,x* ,y)]} < 

sup„eF,(c^.(G.(^.^lM)) , ,, ^At[Re{u,x*{uJi)-y)) + f,{uj,x*,z\{t,u}))] = 
sup„G(G,(^,2lM)) , ., ARe{u,x*{uj) -^ z\{u:)) + f,{uj,x* ,z\{u:))] < 0. 

It follows that for each A G [0, 1], 

(2) swPu(.(GAu,zi(Lo)))^^^^, ^^^^[Re{u,x*{uj) - y) + f,{uj,x* ,y)] < 0. 

Now, we are using the lower semicontinuity of y — >■ {Gi(ui,y))g.(y) : L D 

y — > 2^ in order to show the conclusion. For each 00 G {G^{^,x*{u})))g.(x^{uJ)) 
and e > let us consider C/*^, the neighborhood of zo in the topology 
cr(y',y), defined by Ul^ := {z e Y' : | Re(zo - z,x*{uj) ~ y)\ < e}. 
As y — > {Gi{uj,y))g.fy-f : L D Y ^ 2^ is lower semicontinuous, where 
L = {zx{lj) : A G [6,1]} and W,^ n (G,(cj,F(w)))g,(j.(„)) ^ 0, there ex- 
ists a non-empty neighborhood N{x*{ljj)) of x*{u!) in L such that for each 
z G N{x*{uj)), we have that Ul^ n (G'i(w, 2;))g^(2) ^ 0. Then there exists 
S G (0,1], t G (0,(5) and u G (Gj(w, z^(w)))g^(2j^(^)) n C/^^ ^ such that 
Re{zo—u,x*(uj)—y) < e. Therefore, i?e(2;o,x*(cj)—y) < Re{ui,x*{Lu)—y)+e. 

It follows that 

i?e(zo,x*(a;) - y) + f{uj,x*,y) < Re{u,x*{uj) - y) + /(w, x*, y) -f e < e. 
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The last inequality comes from (2). Since e > and zq G {Gi{Lu, ■r*(cj)))g.(2*(^)) 
have been chosen arbitrarily, the next relation holds: 

Re{zo,x*{uj) -y) + fi{uj,x*,y) < 0. 

Hence, for ecah i ^ I, we have that sup^^^g /^ £*(w))) -* [R^izoi x*(uj) — 
y) + fi{^,x*,y)] < for every y ecl{Ai{uj,x*))a^(^s')- 

If |I|=1, we obtain the following corollary. 

Corollary 2 Let {Q, F, fi) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

A.l) 

(a) X : Q ^ T(Y) is such that lo — > (X(cj)z : i? — > 2^ is 
a nonempty, convex, weakly compact- valued and integrably bounded corre- 
spondence. 

(b) X : n ^ F{Y) is such that uj -^ (X(w))^ : [2 ^ 2^ is F-lower 
measurable; 

A.2) 

(a) For each (w,x) £ i? x ix, {A{Lo,x))a(x) is convex and has a 
non-empty interior in the relative norm topology of {X{lu))z. 

(b) the correspondence (cj,x) — > {A{liJ ,x)) a(x) '■ ^ x Lx -^ 2^ 
has measurable graph i.e. {{Lo,x,y) e ]7 x Lx x Y : y €i {A{uj,x))a{s)} £ 
F®fiw{Lx)®P(Y) where Pui(Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and jiiY) is the Borel a— algebra for the norm topology on Y. 

(c) the correspondence {uj,x) — >■ {A{uj,x))a{s) has weakly open lower 
sections, i.e., for each uj £ f2 and for each y G Y, the set {{A{uj, x)a(x))~^i'^, y) = 
{x G Lx '■ y G (^('^j 2^))a(x)}} is weakly open in Lx] 

(d) For each uj G il, x —^c\{A{u!,x))a(x) ■ Lx — > 2^ is upper 
semicontinuous in the sense that the set {x £ Lx'c\{A(LLi,x))a(x) d V is 
weakly open in Lx for every norm open subset V of Y ; 
A.3) 
G: QxY ^ F{Y') and g:Y -^ (0, 1] are such that: 

{a) for each cj G i7, y — > {G{uj,y))g(y-j : 1" — !> 2^ is monotone with 
non-empty values; 

(b) for each cj G i7, y — > {G{uj,y))g(y^ : L D Y ^ 2^ is lower 
semicontinuous from the relative topology of Y into the weak* — topology 
cr{Y',Y) of Y' for each one- dimensional flat L cY; 

A.4) 

(a) f : fix Lx xK — > RU{oo, — oo} is such that x — > /(i^, x, y) is lower 
semicontinuous on Lx for each fixed {i-o,y) € Q x Y, f{(jj,x,x{t,uj)) = 
for each (cj, x) G i7 x Lx and y ^ f{ui,x,y) is concave on Y for each fixed 
{uj,x) e f2 X Lx; 

(b) for each fixed uj £ Q, the set 
{xeS\: fi\XY>y^(^A(u,x)),^i))[^Wue{G{i..,y)),(y-,Re{u,x -y) + f{u:,x,y)] > 
0} is weakly open in Lx 
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(c) {(w,i) : sup^^^du^y))^^^^ Re{u,x - y) + fi{u},x,y) > 0} G J" (g) 

B{Lx). 

Then, there exists x* G Lx such that: 

i)x*{uj)ec\{A{uJ,X*))a(x'); 

ii) sMp„g(G(^.j-.(^)))^^^,^^jji?e(u,a:;*(a;) - y) + f(oj,x,y)] < for all y G 

{A{u;,x*))aiS')))- 

We obtain the following random fixed point theorem as a particular case 
of Theorem 3. 

Theorem 5 Let (i7, F, ii) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

For each i G / : 
A.l) 

(a) Xi : f2 ^ J^{Y) is such that u — > (Xj(a;))^ : i? — ^ 2^ is 
a nonempty, convex, weakly compact- valued and integrably bounded corre- 
spondence. 

(b) Xi : il ^ -^{Y) is such that uj -^ (Xi(w))z : il ^ 2^^ is F^-lower 
measurable; 

A.2) 

(a) For each {lo,x) E fi x Lx, {-^i{^ ,x)) g^.r^\ is convex and has a 
non-empty interior in the relative norm topology of {Xi{uj))z. 

(b) the correspondence {(jJ^x) — > {Ai{ix: ,x)) ^^k\ : il x Lx — > 2^ 
has measurable graph i.e. {{u!,x,y) G ^ x Lx xY : y ^ {Ai{iu,x))a-(s)} G 
F®f^w{Lx)®fi{X) where fi-uj{Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and P{Y) is the Borel a— algebra for the norm topology on Y. 

(c) the correspondence {oJ,x) — )■ {Ai{ui ,x)) a^(^x) has weakly open lower 
sections, i.e., for each uj G Q and for each y G Y, the set {{Ai{ijj,x)a^{x))~^{^Tli) = 
{x G Lx '■ y G {Ai{uj,x))a^(x)\} is weakly open in Lx', 

(d) For each uj G Q, x -^cl{Ai{uj,x))ai(s) '■ Lx — > 2^ is upper 
semicontinuous in the sense that the set {x G L x '.cl{ Ai {to, x)) a ^{s) C V} is 
weakly open in Lx for every norm open subset V of Y ; 

Then, there exists x* G Lx such that for every i ^ L, Xi*{uj) Gc[(Ai{uj, •e*))q.(j.-). 

If |I|=1, we obtain the following result. 

Theorem 6 Let {f2, F, ii) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

(a) X : i? — > F(Y) is such that uj — > {X{uj))z : fi ^^ 2^ is a nonempty, 
convex, weakly compact-valued and integrably bounded correspondence. 

(b) X : Q ^ F{Y) is such that lu -^ (^(cj))^ : [2 ^ 2^ is F-lower 
measurable; 

A.2) 
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(a) For each {uj,x) G i? x Lx, {A{LU,x))a(s) is convex and has a 
non- empty interior in the relative norm topology of {X{uj))z. 

(h) the correspondence {lj,x) — > (A(cj, ■r))„(j) : J7 x Lx -^ 2^ 
has measurable graph i.e. {(a;,x, y) £ fi x Lx x Y : y Cz (A(u;,x))q.(j^)} G 
F®fiw{Lx)®P{X) where Pw{Lx) is the Borel a— algebra for the weak topol- 
ogy on Lx and P{Y) is the Borel a —algebra for the norm topology on Y. 

(c) the correspondence {uj,x) — > {A{uj,x))a(s) ^^.s weakly open lower 
sections, i.e., for each uj G fi and for each y G Y, the set {{A{u],x)^^^\)~^{uj,y) — 
{x G Lx ■ y G {A(u!,x))ai{x)\} is weakly open in Lx] 

(d) For each w G il, x -^c\{A{uj,x))c^(^\ : Lx -^ 2^ is upper 
semicontinuous in the sense that the set {x G Lx'-c\{A{lo,x))^i^\ C V} is 
weakly open in Lx for every norm open subset V of Y ; 

Then, there exists x* G Lx such that x*{uj) Gcl(A(a;,x*))„(j.'). 

Theorem 7 Let I be a countable or uncounatble set. Let {Q, F, fi) be a 
complete finite separable measure space and let Y be a separable Banach 
space. Suppose that the following conditions are satisfied: 

For each i ^ I : 

(a) Xi : fl ^t J^{Y) is such that lu -^ {Xi{uj))zi : i7 — > 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence; 

(b) Xi : Q ^ ^{Y) is such that uj -> {Xi{uj))zi : f2 -^ 2^^ is 
Fi — lower measurable; 

A.2) 

(a) For each {lo,x) G i7 x Lx, {Ai{uJ,x))a^{x) is nonempty convex 
and compact; 

(b) For each x G Lx, the correspondence uj — > {Ai{uj,x))a.i^\ : f2 — > 
2^ has a measurable graph; 

(c) For each uj a fl, x ^f {Ai{uj ,xy) g^.K\ : Lx -^ 2^ is upper 
semicontinuous ; 
A.3) 

ipi : Q X Lx x y — > _R U { — oo, +00} is such that: 

(a) X — > {2/ G y : ipi{oJ, x, y) > 0} : Lx — > 2 is upper semicontinuous 
with compact values on Lx for each fixed uj ^ Q; 

(b) Xi(uj) ^ {y G F : ipi{uj, x, y) > 0} for each fixed {uj, x) G i7 x Lx', 

(c) for each {uj,x) G i7 x Lx, ilJi{uj,x, •) is concave; 

(d) for each uj £ f2, {x E Lx '. ai{uj,x) > 0} is weakly open in Lx, 
where ai : QxLx -^ Ris defined by ai{uj, x) — supj^g/^v^^ j-j-j^ V'i('^: ^1 u) 
for each {uj,x) g i7 x Lx; 

(ej {{uj,x) : a^{uj,x) > 0} G j;®B(Lx)- 
Then, there exists x* G Lx such that for every i £ I, 
i) Xi*{uj) G (Ai(a;,F))a,(£*); 
a) supye(A,,(u,,x'))^^(^,-^i^t{^,x* ,y) < 0. 
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Proof. For every i e I, let Pi : Hx Lx — ^ J'iY) and pi : Lx — > (0, 1] such 
that (Pi(ci;, x))p.(2) = {y £ Y : ^pi{u},x,y) > 0} for each (a;,x) e i? x Lx- 

We shall show that the abstract economy G = {{il, F, fi), {Xi,Fi,Ai, Pi,ai,pi, Zi)i^j} 
satisfies all the hypotheses of Theorem 1. 

Suppose a; G i7. 

According to A3 a), we have that x -^ (Pi(cj,x))p;(j) : Lx — > 2^ 
is upper semicontinuous with nonempty values and according to A3 b), 
Xi{uj) ^ {Pi{uj,x))p.(^x) for each x € Lx- Assumption A3 c) implies that 
X —> (Pi(a;,x))p.(2) : Lx — > 2^ has convex values. 

By the definition of ai, we note that {x G ix : (j4i(cj, x))„.(2-)n(Pi(w,x))p.(2') ^ 
0} = {x G Lx ■ ai{uj,x) > 0} so that {x G Lx ■ {Ai{uj,x))a.(s) ^ 
{Pi{uj,x))p.(x) 7^ 0} is weakly open in Lx by A3 d). 

According to A2 b) and A3 e), it follows that the correspondences 
{uj,x) -> {Ai{uj,x))a,{x) ■■ f2 X Lx -i' 2^ and {uj,x) -^ (Pi(w,x))p^(5;) : 
i? X Lx —7- 2^ have measurable graphs. 

Thus the Bayesian abstract fuzzy economy G = {(i7, F, fi), (A"i, Fi, Ai, Pi, at, hi, Zi)i^i} 
satisfies all the hypotheses of Theorem 2. Therefore, there exists x* G Lx 
such that for every i G I : 

x*{uj) G {Ai{uj,x*))ai(s-) n-a.ea.nd 

{A,{uj, x*))a,(S') n (PiiuJ, x*))p.(£.) = (j) H- a.e; 

that is, there exists x* G Lx such that for every i & I : 

i) Xi*{uj) G {Ai{uj,X*))a^(^S');^ 

ii) supj^g(A,(c^,x*))„.(j.)V'j(w,x*,y) < 0. 

If |I|=1, we obtain the following corollary. 

Corollary 3 Let {Q, F, h) be a complete finite .separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

A.l) 

(a) X : [2 ^ T(Y) is such that uj -^ {X{uj))z : Q -^ 2^ is 
a nonempty, convex, weakly compact- valued and integrably bounded corre- 
spondence. 

(b) X : Q ^ T{Y) is such that lu -^ {X{lo)),_ : [2 ^ 2^ is F-lower 
measurable; 
A.2) 

(a) For each (w,x) G i? x Lx, {A{uj,x))a(x) is non-empty convex 
and compact; 

(b) For each x G Lx^ the correspondence lu — > {A{liJ, x))a(j) : i7 — > 2^ 
has a measurable graph; 

(c) For each lj ^ f2, x ^ {A{uj,x))a(x) • Lx — > 2^ is upper semicon- 
tinuous; 

A.3) 

ip : fl X Lx X y — !> i? U { — cxD, +00} is .such that: 

(a) X — !> {y G 1^ : ip{iu, x, y) > 0} : Lx — > 2^ is upper semicontinuous 
with weakly compact values on Lx for each fixed lu E fl; 
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(b) x{lu) ^ {y G y : ip{i-u, x, y) > 0} for each fixed (cj, x) G i? x Lx] 

(c) for each {lo,x) ^ Q x Lx, ^{ui,x^ ■) is concave; 

(d) for each cj G i7, {x G Lx '■ a{uj,x) > 0} is weakly open in Lx, 
where a : [2 x Lx -^ R is defined by a{uj,x) ~ supj^g/^^^^^-j^ 'ip{LLi,x,y) 
for each {uj,x) G i7 x Lx', 

(e) {{u!,x) : a{uj,x) > 0} eF®B{Lx)- 
Then, there exists x* G Lx such that: 

i) X*{ijj) G {A{uj,X*))a{x'); 

a) supy(,(A(io,S')),f^,-,ip{^,x*,y) < 0. 

As a consequence of the Theorem 2, we prove the following Tan and 
Yuan's type (1995) random quasi-variational inequality with random fuzzy 
mappings. 

Theorem 8 Let [fi, F, /i) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

For each i Cz I : 

A.l) 

(a) Xi : J? — > F{Y) is such that lj — > {Xi(uj))zi : i7 — > 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence; 



(b) X, : Q ^ F{Y) is such that u -^ (^.(a;))^, : i7 ^ 2 



Y 



IS 



Fi~lower measurable; 
A.2) 

(a) For each {u],x) G i7 x Lx, {Ai{uj,x))ai{x) is nonempty convex 
and weakly compact; 

(b) For each x G Lx, the correspondence uj -^ {Ai{(jj, x))ai{x) '■ ^ -^ 
2^ has a measurable graph; 

(c) For each u! E il, x ^ {Ai{u!,x))ai(s) ■ Lx — > 2^ is upper 
semicontinuous ; 
A.3) 

Gi : Q X Y ^- F{Y') and gi : Y ^- (0, 1] are such that: 
(a) For each fixed {uj,y) G QxY, ir — > {y G F : sviY>^^iQ.i^^y\\ Re(u,Xi(ci;)- 
y) > 0} : Lx — > 2^ is upper semicontinuous with compact values; 

(b) for each fixed cv G f2, the set 

{x eLx ■■ suPj,e(A,(^,£))„^(s)) sup„g(G^(^^j,))^^j^ji?e(M,x,(w) - y) > 0} is 
weakly open in Lx 

(c) {{uj,x) : sup„g(g^(„,^))^ ^^^ Re{u,x,{uj)-y) > 0} G F®B(Lx). 

A.4) 

H,:f2xY^ F{Y') and h,:Y^ (0, 1] are such that: 
(a) For each fixed {uj,y) e [2 x Y, {Hi{uj,y))h^^yi C {Gi{uj,y))g^(^y); 
(b) for each uj € f2, y ^ {Hi{uj,y))i^.ry\ : Y —^ 2^ is monotone with 
non-empty values; 
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(c) for each cj G i7, y — > {Hi{uj,y))fi.(^y) : LC\Y ^ 2^ is lower 
semicontinuous from the relative topology of Y into the weak* — topology 
a{Y',Y) of Y' for each one- dimensional flat L <zY. 
Then, there exists x* G Lx such that for every i ^ I: 

\) Xi*(u) &{A^{uJ,X*))a^(x'); 

ii) supue(H,(u,,S'(uj))),,.^i,^^^^Re{u,x*{uj)-y) < Q for all y G (Ai(w, x*))q.(5;. 

Proof. Let us define ^^ : H x Lx x F — > _R U {— oo, +00} by 

V'jCw,^,?/) = sup„g(c,,(„.j,))^,,^)i?e(M,x,(cj) - y) for each {uj,x,y) G i7 x 
LxxY. ^ 

We have that Xi{uj) ^ {y e Y : tl;^{uj,x,y) > 0} for each fixed {uj,x) G 
n X Lx and, as a consequence of assumption A3 b), it foUows that for each 
(w,x) G i7 X Lx, ■i/'i(w,x, •) is concave. 

All the hypotheses of Theorem 2 are satisfied. According to Theorem 2, 
there exists x* G Lx such that Xi*{Lu) Gc[{Ai{Lu,x*))a-(x-') for every i G L 

and 

(1) snpy^A,{u^S'))^^^^.^ sup„g(G^(„.y))^^^j Re(u,x^*{u})-y) < for every 
i G /. 

Finally, we will prove that 

supyeA,(cu,£*))„^(j.) sup„g^^(^ 5;.(„))^^^^^^^^^ Re{u,x,*{u}) - y) < for ev- 
ery i E L 

In order to do that, let us consider i E I and the fixed point a; G J7. 

Let y G {A,{u},x*))a^f^s*), A G [0, 1] and z{iio) := Xy + {1 - X)x,*{uj). 
According to assumption A2 a), z\{lj) G Ai{uj,x*). 

According to (1), we have sup„g(j:f.^.^.(^))) ^ Re{u,x^*{uj)-z\{uj)) < 

for each A G [0,1]. 

For each A G [0, 1], we have that 
t{suPue{H,{c.,zi{c.)))^^^^, ^^^^ Re{u,x*{uj)-y)} = 
sup„e/i-^(^,^^(^)))^^^^^^^^^)ii?e(u,Xi*(cj) - y)) = 

^Wue{H,(uj,zi(Lo)))^^^^, ,^„) ■Re(u, x,*{uj) - z\{u:)) < 0. 
It follows that for each A G [0, 1], 

(2) sup„g(^^(^^^j^(^)))^^^^^^^^^ Re{u,x,*{uj) -y) <0. 

Now, we are using the lower semicontinuity of y ^> {Hi{uj,y))fi.iy\ : L n 
y — !> 2^ in order to show the conclusion. For each zq G {Hi{uj,Xi*{uj)))ii.(^-'(uj)) 
and e > let us consider C/*^, the neighborhood of zo in the topology 
a{Y',Y), defined by Ul^ := {z e Y' : | Re(zo - z,x^*{uj) - y)\ < e}. 
As y — > {Hi{uj,y))fi.(y-) : L C\Y ^ 2^ is lower semicontinuous, where 
L - {z\{lj) : A G [0,1]} and Ul^ n {H,{Lo,x*{io))),,^^sUc.)) 7^ 0, there ex- 
ists a non-empty neighborhood N{xi*{uj)) of Xi*{uj) in L such that for 
each z G N{xi*{uj)), we have that C/*^ n {Hi{uj,z))h.t^z) 7^ 0- Then there 
exists 5 G (0,1], t G (0,<5) and u G (i/,(cj, z5^(cj)))^^(,. („)) n (7^^ # 
such that Re{zo — u,Xi*{uj) — y) < e. Therefore, Re{zo,Xi*{Lu) — y) < 
Re{ui,Xi*{uj) - y) + e. 

It follows that 
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Re{zo, Xi*{Lu) — y) < Re{u, Xi*{Lu) — y) + e < e. 

The last inequality comes from (2). Since e > and zq G {Hi{u), a;*(cj)))/j.(2t(„)) 
have been chosen arbitrarily, the next relation holds: 
Re{zo,Xi*{uj) -y) <0. 
Hence, for each z e I,weha,veiha±svLp^^rij.r^_^,r^\\\ ,~., ,, Re{za,Xi*{Lu) — 

y) <0 for every y £ (Ai{uj,x*))a^(^x*)- 

If |I|=1, wc obtain the following corollary. 

Corollary 4 Let [Q, F, jj) he a complete finite separable measure space and 
let Y he a separable Banach space. Suppose that the following conditions are 
satisfied: 

A.l) 

(a) X : Q -^ T(Y) is such that (jj — )■ (^(a;)^ : i? — > 2^ is 
a nonempty, convex, weakly compact- valued and integrably bounded corre- 
spondence. 

(b) X : Q ^ T{Y) is such that lu -^ {X{lo)),_ : fl ^ 2^ is F-lower 
measurable; 
A.2) 

(a) For each (a;,x) G i7 x ix, (^("^j 2^))a(x) ** non-empty convex 
and compact. 

(h) For each x G Lx^ the correspondence co — > {A{uj, x))a(£) : i7 — > 2^ 
has a measurable graph; 

(c) For each uj G f2, x ^ {A{uj,x))c^(^\ : Lx -^ 2^ is upper semicon- 
tinuous; 
A.3) 

G : QxY ^ F{Y') and g -.Y ^ (0, 1] are such that: 
(a) For each fixed {uj,y) G fixY, x ^ {y e Y : sup„g(c,(^ j^))^^^^ Re{u,x{uj)- 

y) > 0} : Lx — > 2^ is upper semicontinuous with compact values; 

(b) for each fixed lo £ f2, the set 

{x e Lx : supyg(^(„^j))^^^j)Sup„£(G(„,j,))^(^,i?e(u,S(a;) - y) > 0} is 
weakly open in Lx, 

(c) {(cj, x) : sup„g(G(^,j^))^(^, Re{u, x{uj) - y) > 0} G J" ® B{Lx); 
A.4) 

H : Q xY ^ F{Y') and h:Y ^ (0, 1] are such that: 
(a) For each fixed {uj,y) e [2 x Y, {H {uj , y)) h{y) C {G{uj,y))g(^y); 
(b) for each uj € i^, y —^ {H{uj,y))^y) : F — > 2^ is monotone with 
non-empty values; 

(c) for each ui E f2, y ^ {H{uj,y))i^fy\ : LC\Y ^ 2^ is lower 
semicontinuous from the relative topology of Y into the weak* — topology 
a{Y' ,Y) of Y' for each one- dimensional flat L <zY. 
Then, there exists x* G Lx such that: 

\)x*{ij)E{A{u:,X*))a{x-)\ 

ii) supu(z(H(u,x'(Lo))),,^^,^^y^Re{u,x*{u))~y) < for all y G {A{LU,x*))a(^s')- 
We obtain the following random fixed point theorem as a corollary. 
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Theorem 9 Let [Q, F, ii) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

For each z G / : 
A.l) 

(a) Xi : n ^^ ^{Y) is such that uj — > (^^(cj))^^ : i7 ^ 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence; 

(b) X^ : Q ^ F{Y) is such that uj -^ {X,{uj))^^ : Q ^ 2^ is 
Fi~ lower measurable; 

A.2) 

(a) For each {uj,x) (L f2 x Lx, {Ai(uj,x))a^(x) *•' non-empty convex 
and compact; 

(b) For each x G Lx^ the correspondence uj — > {Ai{uj, x))a^[x) '■ ^ ^^ 
2^ has a measurable graph; 

(c) For each w G i7, a; — > {Ai{uj,xy)a^{x) ■ Lx — > 2^ is upper 
semicontinuous ; 

Then, there exists x* G Lx such that for every i E I, Xi*(uj) G {Ai{LO ,x*))ai(s*) ■ 

If |I|— 1, we obtain the following result. 

Theorem 10 Let {f2, F, fi) be a complete finite separable measure space and 
let Y be a separable Banach space. Suppose that the following conditions are 
satisfied: 

A.l) 

(a) X : [2 ^ F{Y) is such that to — > (X{uj))z : f2 -> 2^ is 
a nonempty, convex, weakly compact-valued and integrably bounded corre- 
spondence; 

(b) X : Q ^ F{Y) is such that lu -^ {X{lo)),_ : fl ^ 2^ is F-lower 
measurable; 
A.2) 

(a) For each {lu,x) G i? x Lx, (j4(cj, x))^/^) is non-empty convex 
and compact; 

(b) For each x G Lx, the correspondence uj — > (j4(cj, x))a(£) : i7 — > 2^ 
has a measurable graph; 

(c) For each uj G f2, x ^ {A{uj,x))a(x) '■ Lx -^ 2^ is upper semicon- 
tinuous; 

Then, there exists x* G Lx such that for every i E L, x*{uj) G {A{uj,x*))a{s*) 



5 APPENDIX 

The results below have been used in the proof of our theorems. For more 
details and further references see the paper quoted. 
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Theorem 11 (Projection theorem). Let {f2, F , /i) be a complete, finite mea- 
sure space, and Y he a complete separable metric space. If H belongs to 
F®fi{Y), its projection ProJQ{H) belongs to F. 

Theorem 12 (Aumann measurable selection theorem [30]). Let {f2, F,ii) 
he a complete finite measure space, Y be a complete, separable metric space 
and T : i? — > 2^ he a nonempty valued correspondence with a measurable 
graph, i.e., Gt G F ® I3{Y). Then there is a measurable function f : Q ^fY 
such that f{io) G T{u!) ^ — a.e. 

Theorem 13 (DiesteVs Theorem [30, Theorem 3.1). Let {Q, F, fi) he a 
complete finite measure space, X he a separable Banach space and T : J7 — >■ 
2^ he an integrably bounded, convex, weakly compact and nonempty valued 
correspondence. Then St ~ {x E Li{p,,Y) : x(lo) G T{lo) fi-a.e.} is weakly 
compact in Li(/i, F). 

Theorem 14 (Caratheodory-type selection theorem [15]). Let {f2,F,fi) be 
a complete measure space, Z be a complete separable metric space and Y 
a separable Banach space. Let X : fi ^ 2^ he a correspondence with a 
measurable graph, i.e., Gx G F®P{X) (md let T : il x Z ^ 2^ be a convex 
valued correspondence (possibly empty) with a meaurahle graph, i.e., Gt G 
F®fi{Z)®fi{Y) where fi(Y) and fi{Z) are the Borel a— algebras ofY and Z, 
respectively. 

Suppose that: 

(a) for each uj E fl, T{uj,x) C X{uj) for all x £ Z. 

(b) for each uj € f2, T{uj,-) has open lower sections in Z, i.e., for each 
u; G J7 and y eY , T^^{u!,y) = {x E Z : y £ T(cj,x)} is open in Z. 

(c) for each (w,x) G J? x Z, if T{uj,x) ^ 0, then T{lu,x) has a non- 
empty interior in X{u!). 

Let U = {{uj, x) e il X Z : T{uj, x) ^ 0} and for each x E Z , U"^ = {uj E 
f2 : (uJ,x) E U} and for each lu E f2, U" ~ {x E Z : {lj,x) E U}. Then for 
each X E Z, U^ is a measurable set in Q and there exists a Caratheodory- 
type selection from Tjj, i.e., there exists a function f : U ^^ Y such that 
f{ui,x) E T{(jj,x) for all {uj,x) E U , for each x E Z, f{-,x) is measurable 
on U^ and for each u) E fi, /(w,-) is continuous on C/". Moreover, /(•,•) is 
jointly measurable. 

Theorem 15 (U. s. c. Lifting Theorem,. [30]). Let Y he a separable space, 
{Q, F, fi) be a complete finite measure space and X : Q ^ 2^ he an inte- 
grably bounded, nonempty, convex valued correspondence such that for all 
Lo E fi, X{ui) is a weakly compact, convex subset of Y . Denote by Sx the 
set {x E Li(/i, y) : x{u!) E X{u!) ^ — a.e.}. Let T : il x Sx -^ 2 be a 
nonempty, closed, convex valued correspondence such that T{u),x) C ^(i^) 
for all {'-o,x) E fi X S\. Assume that for each fixed x E Sx, T{-,x) has a 
measurable graph and that for each fixed lj E fi, T{lj,-) : Sx -^ 2^ is u.s.c. 
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in the sense that the set {x G Sx '■ T{u), x) C V} is weakly open in Sx for 
every norm open subset V of Y . Define the correspondence <P : Sx -^ 2"^^ 
by 

<P{x) = {y e Sx ■■ y{uj) e T{uj, x) ^ - a.e.}. 

Then <? is weakly u.s.c, i.e., the set {x e Sx ■ 'P{x) C V} is weakly 
open in Sx for every weakly open subset V of Sx- 
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